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Abstract
We discuss properties of photons in extremely strong magnetic fields induced by the relativistic heavy-ion collisions.
We investigate the vacuum birefringence, the real-photon decay, and the photon splitting which are all forbidden in
the ordinary vacuum, but become possible in strong magnetic fields. These effects potentially give rise to anisotropies
in photon and dilepton spectra.
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1. Introduction
Electromagnetic probes are expected to be penetrat-
ing probes of the matter created in the ultrarelativistsic
heavy-ion collisions. Especially, it is interesting to pur-
sue the possibility if any aspect of the early-time dy-
namics can be probed. One of the ingredients recently
bringing lots of excitements in the early-time dynamics
is a strong magnetic field induced by the colliding nu-
clei [1, 2, 3]. We would like to point out that the strong
magnetic field gives rise to intriguing modifications of
the photon properties which arise only in the presence of
strong magnetic fields [4, 5, 6, 7]. Effects of the strong
magnetic field, as well as the medium effects studied in,
e.g., Refs. [8, 9], will be important for the optics in the
heavy-ion collisions.
2. Charged-fermion spectrum and resummation in
supercritical magnetic fields
The important quantum effect of the magnetic field is
the Landau-level discretization of the charged particle
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spectrum. The transverse energy level is discretized be-
cause of the periodic synchrotron motion, while the mo-
mentum longitudinal to the magnetic field is still contin-
uous, so that the spectrum of charged fermion becomes
anisotropic as (B = (0, 0, B))
En =
√
m2 + p2z + 2neB (n ≥ 0) . (1)
This is particularly important to study the photon prop-
erties since the modification of the photon refractive
index is entirely due to the quantum fluctuations of
charged fermions in the Dirac sea responding to the
propagating electromagnetic fields of photons.
A consequence of the anisotropic spectrum can be
seen in the birefringence shown in Fig. 1. Because of
the anisotropic spectrum, the response of the charged
particles depends on the polarization modes, i.e., the di-
rection of the electric field, and thus the each polariza-
tion mode has a refractive index different from the other.
As discussed below, an analogous effect called the vac-
uum birefringence will be found in the presence of the
magnetic field even without any medium.
To properly include effects of the Landau-level dis-
cretization, one needs to carry out the resummation
with respect to the number of external-field insertions
K. Hattori and K. Itakura / Nuclear Physics B Proceedings Supplement 00 (2018) 1–4 2
Figure 1: Doubled image through a birefringent substance “calcite”.
Rays split at the refraction on the surface of calcite because of a po-
larization dependence of refractive index.
as shown in Fig. 2. By using the resummed propaga-
tor (for explicit forms, see, e.g., [4, 10]), the anisotropic
spectrum can be taken into account in the computation
of the optical properties.
The useful tool for the resummation is the proper-
time method [11] which has been used to show the phe-
nomena seen in the strong external fields such as the
Schwinger pair creation in strong electric fields. In the
context of heavy-ion physics, the pair creation in the
Coulomb field of high-Z atoms were studied in early
days (see Ref. [12] and references therein). Such quan-
tum phenomena will become sizable effects when the
strengths of the external electromagnetic fields exceed
the critical field strength Bc = m2/e for the mass of the
vacuum fluctuation and the coupling constant.
3. Vacuum birefringence and real-photon decay
Refractive indices can be obtained from the vacuum
polarization diagram in Fig. 3. In the ordinary vacuum
without external field, this quantum fluctuation does not
give rise to any modification of the refractive index, be-
cause of the Lorentz and gauge symmetries. However,
the external magnetic field breaks the Lorentz symme-
try, and then the refractive indices get non-trivial modi-
fications such as the polarization dependence discussed
above due to the anisotropic fermion spectrum (1) from
the Landau-level discretization.
3.1. Analytic computation of the polarization tensor
The general form of the polarization tensor is com-
plicated due to the resummation. Nevertheless, one can
get simple results in some particular limits. Figure 4
shows a summary of the relevant scales in the problem
which are specified by the strength of the magnetic field
and the photon momentum. For example, one can get
a useful approximation in the strong field limit by in-
cluding a contribution of only the lowest Landau level
Figure 2: Resummation with respect to external-field insertions.
Figure 3: Polarization tensor and triangle diagram with the resummed
propagator.
(LLL) [4, 5, 13]. However, the validity of the approxi-
mation also depends on the other scale, i.e., the photon
momentum, and the LLL approximation will not suffice
when the momentum scale becomes large. Actually, the
regime of the large momentum and the strong field is
relevant for the ultrarelativistic heavy-ion collisions. As
far as we know, there has not been the general result
which is valid in such a regime.
The formal expression of the resummed polarization
tensor has a gauge-invariant form
Πµν(q2) = −(χ0Pµν + χ1Pµν‖ + χ2Pµν⊥ ) (2)
where the transverse projection operators Pµν = q2gµν −
qµqν, Pµν‖ = q
2
‖g
µν
‖ − q
µ
‖q
ν
‖ , and P
µν
⊥ = q2⊥g
µν
⊥ − qµ⊥qν⊥
are defined by the metrics in the longitudinal and trans-
verse subspaces gµν‖ = diag(1, 0, 0,−1) and gµν‖ =
diag(0,−1,−1, 0), and the longitudinal and transverse
momenta qµ‖ = g
µν
‖ qµ and q
µ
⊥ = g
µν
⊥ qµ. Here, the mag-
netic field is applied in the third direction.
We could perform analytic computation of the coef-
ficient functions χ0,1,2 by using relations among spe-
cial functions [4]. The analytic results are expressed
by the wave functions of charged particles, namely the
associated Laguerre polynomials, which naturally arise
in the calculation, and by the summation with respect
to the contributions of the Landau levels. The exact
expressions of the resummed polarization tensor were
missing in the last few decades (c.f. earlier attempts in
Ref. [14]). Our general result covers the whole param-
eter region in Fig. 4, and will be useful to study a wide
variety of systems which contain quite different scales,
e.g., heavy-ion collisions, neutron star/magnetars, early
universe, high-intensity laser field, etc.
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Figure 4: Summary of the relevant scales in the problem, the field
strength and the photon momentum.
3.2. Refractive index in the LLL
By using the polarization tensor, we show the refrac-
tive index in the strong magnetic field [5]. To investi-
gate the basic features, let us focus on the lowest Lan-
dau level which can be simply generalized by including
the contribution of relevant Landau levels contained in
the analytic result of the polarization tensor discussed
above.
In the LLL approximation [4, 5, 13], two of the three
coefficient functions are vanishing χ0 = χ2 = 0. This
can be understood from the dimensional reduction in
the LLL [10] where the charged fermions can fluctuate
only in the direction of the external magnetic field (see
Fig. 5). The nonvanishing component χ1 has a simple
form
χLLL =
e2
π
· eB
2π
e−
|q⊥|2
eB q−2‖ {I(q2‖ ) − 1}, (3)
I(q2‖ ) =
4m2√
q2‖ (4m2 − q2‖ )
arctan
√
q2‖
(4m2 − q2‖ )
, (4)
where the above form of I(q2‖ ) is valid when 0 ≤ q2‖ <
4m2 and can be analytically continued to the other re-
gions q2‖ < 0 and 4m
2 ≤ q2‖ . A remarkable feature is that
the χ1 acquires an imaginary part from the arctangent
when the momentum goes beyond the invariant mass of
the fermion and antifermion pair 4m2 ≤ q2‖ . This indi-
cates decay of a real photon in the presence of external
magnetic fields.
The dilelectric constant is obtained from the solution
of the Maxwell equation or equivalently from the pole
position of the resummed photon propagator with inser-
tions of the ring diagrams [4] as
ǫ = n2 =
1 + χLLL
1 + χLLL cos2 θ
(5)
Figure 5: 1+1 dimensional fluctuation in the lowest Landau level.
When the dielectric constant has the imaginary part, ǫ =
ǫreal + i ǫimag, the refractive index also has both real and
imaginary parts n = nreal + i nimag which are related as
nreal =
1√
2
√
|ǫ| + ǫreal , (6)
nimag =
1√
2
√
|ǫ| − ǫreal , (7)
with the absolute value |ǫ| =
√
ǫ2
real + ǫ
2
imag.
When photons are propagating in the supercritical
magnetic fields, the real part of the refractive index can
be, e.g., ∼ 1.4 for B/Bc = 500 which is much larger than
the refractive index of air (1.0003) and is comparable to
that of water (1.333).
Figure 6 shows the imaginary part of the refractive in-
dex. The magnetic field is applied in the vertical direc-
tion, and an angle measured from the vertical axis cor-
responds to the angle between the direction of the mag-
netic field and the momentum of a photon. A distance
from the origin to the red curve indicates the magnitude
of the imaginary part. The angle dependence of the red
curve indicates an anisotropy of the imaginary part. In
this figure, the decay rate is large when the photons are
propagating with angles ∼ ±π/4, ±3π/4, which will po-
tentially give rise the anisotropic spectrum of the direct
photons in the ultrarelativistic heavy-ion collisions.
4. Photon splitting
We discuss another intriguing phenomenon called the
photon splitting shown in Fig. 3. In the ordinary vac-
uum, the splitting of a photon into two photons is pro-
hibited, because Furry’s theorem tells us that the two in-
dependent diagrams with clockwise and counterclock-
wise charge flows cancel for odd orders of the vector
current correlators. However, with the help of external
magnetic fields, the splitting process becomes possible
because the diagrams could have in total an even num-
ber of external legs which are provided by an odd num-
ber of the external magnetic field and the three dynami-
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Figure 6: The imaginary part of the refractive index at the field
strength B/Bc = 500 and the photon energy ω2/(4m2) = 3.
cal photon lines. Although these diagrams are higher or-
der in the naive order counting of the coupling constant,
the strong magnetic field compensates the suppression.
In the strong magnetic field limit, the dominant con-
tribution would come from the triangle diagram com-
posed of the three lowest Landau levels. However, we
showed that this is not the case. As shown in Fig. 5,
these 1+1 dimensional fluctuations can couple only to
the polarization mode oscillating in the direction of the
magnetic field. However, this splitting (‖→‖ + ‖) is not
allowed due to the polarization selection rule [15] 1.
Therefore, the leading contribution in the strong mag-
netic field limit comes from the configuration with the
two lowest Landau levels and one higher Landau level
[denoted with a short red line in Eq. (8)]. The energy
level of the latter depends on the magnitude of mag-
netic field [n ≥ 1 in Eq. (1)] which can be seen as a
large effective ”mass” M2 = 2eB. In the low energy
regime where the external photon momenta are much
smaller than M2, the far-off-shell “heavy” fermion prop-
agates only in a short distance, shrinking into an ef-
fective coupling like the four-Fermi interaction for the
weak bosons. Then, the order of the photon-splitting
amplitude reads
M = ∼ ∼ e3
√
2eB
2
M2
.
(8)
A red vertex in the second diagram shows the effective
coupling e2/M2, and a factor of
√
2eB 2 comes from the
density of state in the transverse subspace. The order of
M is O
(
e3(eB)0
)
, indicating that the photon-splitting
rate in the strong field limit is independent of the mag-
1Note the notations of ‖ and ⊥ in the literature.
nitude of magnetic field. This may clarify earlier obser-
vations in the strong field limit [16, 17]. Details of our
investigation will appear elsewhere [7].
5. Concluding remarks
We discussed the photon properties in the strong
magnetic fields induced by the ultrarelativistic heavy-
ion collisions. We would like to note that these phenom-
ena have been discussed also in astrophysics [18, 19]
and intense-laser physics [20]. Heavy-ion physics could
be the first to observe such phenomena and get an im-
pact on the interdisciplinary study.
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